The purpose of this note is to determine necessary and sufficient conditions for a commutative injective ring to be a product of local rings. This reduces the study of such rings to the study of local rings, since a product of rings is injective if each factor is.
Throught R will be a ring with unit, J will denote its Jacobson radical, and if M is R module E{M) will denote its injective hull. A ring R is right (sesp. left) self injective if it is injective as a right (resp. left) module over itself. One may easily verify that if R = πR if then R is right self injective if and only if each E t is. Given an injective ring of a given type one would therefore like to realize it as a product of simpler rings. One example of a right self injective ring is the full ring of linear transformations on a vector space over a division ring. Faith [2] determined all rings which are products of full linear rings in the following: If R is commutative the above theorem characterizes those rings which are products of fields. Our purpose here is to determine when a commutative injective ring may be written as a product of local rings. We prove two theorems: The following lemma will be of central importance and may be found in [1] , though we will outline a proof. LEMMA Proof. The proof uses the same basic method as that of Theorem A. We let S be the socle of R, and write S = 207 { where the Vi^R/Mi are simple. Let V= Σ®E(Vi).
We first observe that V is a faithful module for, if reR, by hypothesis there is an se R such that rse S. Write rs = Σv i9 v { e V i9 and at least one of the v i9 say v k Φ 0. Then, r L czvt, and the map f:rR->V given by f(r) = 1 + M k is well defined, and extends to a map f:R~>E(V k ). If /(I) = x, then xr Φ 0 and V is faithful.
Next, observe that S is a large submodule of V, for if x = (x 19 , x n9 0, ) is an element of VΊ then we can fine an reR such that x λ r λ is contained in F x and x 1 r 1 Φ 0. If x^ Φ 0 we can find an r 2 such that x i r ι r 2 e F< and ^r^a ^ 0. Continuing in this manner we can find an s so that xse S and xs Φ 0 by the choice of the last r k . Now there is a monomorphism i : S-+R, which may be extended to a map g: V->R by the injectivity of R. The above paragraph shows that g is a monomorphism. Let T = End β V. Since Hom 5 (E(Vi), E(V ό )) = 0 if i^i it is easy to see that T^πT, where Γ; = End Λ jE7(Fi). It is well known that the endomorphism ring of any indecomposable injective module is local [2, 4] , so that each Tι is local. Now, there is a natural ring map G: R-> T given by G(r) = r d and r d (x) = #r. The faithfulness of V guarantees that this map is a monomorphism. We will prove the theorem if we can show that G is an epimorphism. To do this we let fe T and consider the following diagram which may be completed by the map h: Proof. Let S be the socle of R and P = E(S), then apply Theorem 2.
A ring R is quasi-frobenius (Q.F.) if R is artinian and injective. If R is commutative and Q.F. then R is a product of a finite number of local rings, each with simple socle. In relation to this we have: Proof. Write R = P x Q as in Corollary 3. Then Q = 0, and P = πPt where the P t are local and have simple socle. Since the P, are local, each is equal to the injective hull of its socle, which is simple, and hence must have finite length. Next, a lemma which will enable us to compute an important endomorphism ring. Necessity. We first deal with the hypothesis that R/J has large socle. Now R/J is a regular ring by Theorem B, so each simple ideal of R/J is generated by an idempotent. If reR denote the image of r under the canonical epimorphism in R/J by f.
Then, since idempotents lift modulo J by Theorem B we may assume that every simple submodule of R/J is generated by e where e is an idempotent in R. If S is the socle of R/J we have S = Σee { R/J where the βi are idempotents. Now βiR/βiR Π J = v< is a simple module. Let v = ΣQ)E(Vi), we claim that V is a faithful module. To see this, we note first that if x e R, then there is an e 4 such that xβi Φ 0. If not, we would have x L + Jz) S contrary to the hypothesis. It is also true that e { R Π J is the unique maximal submodule of e { R. To see this, let e 4 r e βiR and suppose e^r g /.
Then the simplicity of βiR/βiR Π / implies that there is an S and j e J such that e t = e^s +j. We then have that e< -1 = e^s + jΛ and we get 0 = e { rs + ^(i-1). Or, 0 = βivsil-j)-1 + e whence e< = -^rs(l-i)"
1 or e f R = e^R. Now let Mi be that maximal ideal with ejs/li c J. Using the commutativity of R 9 if x G R we have a; 1 = eji Π a? Consider the module A V and let T = End A V. The above has established that each Ui is a left A module, and if we let T { denote the biendomorphism ring of U i9 then Lemma 5 applies if we take Ti = 7Γ,. , the i th projection, so Γ= πTi. But F is of the form R®A, so R = T = πTi. To complete the proof we need only establish that each Ti is local. It is clear that every biendomorphism of U t is given by right multiplication so that Ti -RjUi, and we will be finished if we show that Ti is local. To do this it suffices to determine E(R/Mi)i- 
